This paper presents a review of recent investigations on brake squeal noise carried out on simplified experimental rigs. The common theme of these works is that of approaching the study of squeal noise on experimental set-ups that are much simpler than commercial disc brakes, providing the possibility of repeatable measurements of squeal occurrence. As a consequence, it is possible to build consistent and robust models of the experimental apparatus to simulate the squeal events and to understand the physics behind squeal instabilities.
Introduction
Brake squeal is a very complex phenomenon, and its investigation requires expertise from different disciplines [1] (e.g. vibrations, tribology, acoustics, etc.) as evidenced by the variety of approaches to the problem and the variety of explanations on how brake squeal originates that have been proposed so far. However, there is yet neither a complete understanding of the problem nor a generalized theory of squeal mechanism.
It is generally considered that one of the main difficulties encountered in studying brake squeal is the high complexity of a brake system. Such complexity, together with the ever-present data dispersion in experimental studies, is one of the main reasons that does not permit yet an efficient control of brake squeal noise.
Traditionally, research groups working on this subject conducted their investigations by combining theory and experiments. Many such studies started by conducting experiments on simplified test rigs, trying to correlate the experimental results with theoretical models. The aim of these approaches was primarily to acquire a clear understanding of the squeal mechanisms and then to extend such knowledge to build increasingly complex models and, finally, to control the squeal occurrence in commercial brakes.
An extensive review of most classical studies on brake squeal can be found in Kinkaid et al. [2] . This paper presents an overview of studies carried out in a collaborative effort among the Department of Mechanics and Aeronautics in Rome (DMA), Carnegie Mellon University in Pittsburgh, PA (CMU), and LaMCoS in Lyon on simplified experimental rigs developed through the years, highlighting the main findings and the proposed modelling ideas. incidence of the beam and its length are adjustable. The cantilever beam is mounted on a sliding platform that moves on two linear bearings, allowing the cantilever beam to be pre-loaded against the disc with a specified normal load. The main difference of this set-up with respect to the pin-on-disc is the beam flexibility, which introduces a coupling between the dynamics of two bodies and introduces unstable conditions. The beam on disc was proposed by Akay [5] , and later used, with the same basic geometry, by Tuchinda et al. [6, 7] , Allgaier et al. [8] , Allgaier [9] , and Giannini and Massi [10] . This setup is able to capture and analyze the mode lock-in phenomenon, which is discussed in Section 3.1.
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The laboratory brake set-up
The laboratory brake [11] [12] [13] [14] [15] [16] [17] [18] (Fig. 2 ) is designed to be the ''trait d'union'' between the beam on disc and a commercial brake. In fact, the laboratory brake is an experimental rig designed, on one hand, to be a reliable set-up able to produce squeal in a controlled and reproducible way and, on the other hand, to represent a commercial brake as closely as possible.
The experimental set-up consists of a disc mounted on a rotating shaft, and constrained between a pair of beams that represent the caliper, and two small brake pads. The pads were obtained by machining commercial pads, which are pressed against the disc.
Depending on the specific realization of the set-up, the physical dimensions, as well as the transmission line can be different. Moreover, the dimensions of the pad can be changed: in [11] [12] [13] [14] 16, 17] a small brake pad is used, in [15, 18] two small brake pads are mounted on each beam. Also the shape of the disc may change and can be either a machined disc or a commercial brake disc.
With respect to the beam-on-disc set-up [5] [6] [7] [8] [9] , the laboratory brake is characterized by three major improvements that make this set-up much closer to a real brake:
The materials in contact are analogous to a real brake pair. The coupling between the out-of-plane vibrations of the disc and its in-plane motion is far less strong and much closer to a real brake. In fact, in the beam-on-disc the angle between the beam and the disc is close to 451. This allows the friction force to excite easily the bending vibrations of the beam. These vibrations have a consistent component in the out-of-plane direction and can, thus, excite back the disc. The laboratory brake has two beams (representing the caliper) that are almost parallel to the disc plane and, thus, a geometry much closer to that of a real brake, characterized by a weak geometric coupling between in-and out-of-plane vibrations. The beam-on-disc is characterized by two structures with low damping interacting through friction force. In the laboratory brake, on the contrary, the brake pads have a high damping loss factor (the measurements indicate a 6% loss factor), which affects the modal interaction, leading to instability.
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The tribobrake
The tribobrake COllaboration Lyon-Rome for Investigation on Squeal (COLRIS) was designed to model the dynamics of the brake system and to conduct tribological analysis of contact surfaces, with the aim of correlating the dynamic and tribological aspects of squeal. In contrats to the approaches to the problem that have been mostly confined either to a dynamic analysis or to tribological studies (analysis of the contact surfaces) [24] [25] [26] [27] [28] [29] [30] , the work on this experimental rig has been combined overview of the phenomena [31] [32] [33] .
The tribobrake was designed to be modelled using both linear and nonlinear FE models, in order to predict the squeal events and analyze the behaviour of the system in the time domain.
The set-up consists of a rotating disc and a small friction pad pressed against the disc by weighs on a support (Fig. 3) . The brake pads are made of commercial brake friction material. Reduced pad dimensions are used to simplify and control with ease the dynamics of the pad by changing its dimensions. The floating support (the middle cylindrical body held by two thin plates) is designed to represent a simplified caliper. The friction pad is attached to the support through a back-plate, so that it can be disassembled for a tribological analysis of the contact surfaces.
The tribobrake presents the following characteristics that distinguish it from the previous simplified rigs:
The caliper is represented by the cylindrical support that has a clearly identifiable in-plane dynamics. This permits us to distinguish the in-plane dynamics of the pad from the dynamics of the support; a tri-axial force transducer between the pad and the support permits recording of the time histories of the normal and friction forces, allows comparison between the experiments and the nonlinear transient analysis performed on the model, 2 
Experimental results
In this section, the main findings obtained through the investigations carried out on the simplified rigs are presented and linked together to provide a clear view of the squeal instability as it develops in such systems.
The first almost obvious observation is that squeal is the consequence of friction-induced vibration. However, the most important result observed by all the proposed set-ups, but specifically met for the first time in the experiments with beam on disc is the consistent strong correlation between squeal occurrence and mode lock-in between two modes of the pad, disc, or calliper subsystems. Usually the modes involved are stationary, i.e. the deformed shape and the nodal lines do not rotate with the disc and are fixed with respect to the pad. The presence of rotating squeal can be observed under particular conditions, as clearly observed on the laboratory brake. Absence of stick-slip during squeal instability. The evidence that the sound pressure amplitude is not sensitive to speed variations of the disc beyond a certain value. At low speed, however, the pressure amplitude decreases with decreasing rotational speed of the disc.
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The modal damping can have a significant influence on squeal propensity. The characteristic topography of the contact surface of the disc, observed on the tribobrake by means of a scanning electron microscope (SEM), reveals fatigue phenomena due to local force oscillations.
Some of these results are now well known, but they were all observed on the proposed simplified test rigs and are particularly important to model the squeal mechanism.
The squeal mechanisms and mode lock-in
Four different mechanisms that lead a brake system to unstable behaviour are considered as possible causes of brake squeal noise.
Early works on the brake squeal problem (e.g. Mills [34] ) considered that a necessary condition for the onset of an unstable behaviour of a squealing brake is negative damping arising from a m-v r decreasing characteristic, where m is the friction coefficient and v r the relative velocity between rotor and pads.
The sprag-slip instability was introduced by Spurr [35] in 1961, which is the first squeal model compatible with a constant friction coefficient.
Instability of parametric resonances at speed below the critical speeds, as shown among others by Chan et al. [36] . The mode lock-in instability, 3 which is nowadays the most widely considered cause of brake squeal noise, will be further explained.
The instability that develops in dynamic models when two eigenfrequencies of the system, due to the asymmetry of the stiffness matrix, coalesce and become unstable, is now known as mode lock-in as the term was coined by Akay in [5] . The idea of the coupling mechanism for the squeal occurrence was first introduced by North [19, 20] in 1972. North proposed a two-degrees of freedom (dof) system, characterized by an asymmetric stiffness matrix, due to the presence of friction forces, the friction coefficient being constant. Fig. 4 shows the results of the complex eigenvalue analysis for the two-dof model proposed by North in [20] 4 ; the graph on the left shows that, as k 1 increases, the first eigenfrequency of the undamped system (the translational degree of freedom) also increases. Once the two eigenvalues approach each other, they coalesce and the system becomes unstable. The coalescence point is called the mode lock-in point. The right-hand graph shows the same results in the locus plot, with the effective percent damping on the x-axis and the frequency of the eigenvalues on the y-axis. The two eigenvalues move toward each other along the zero-damping axis (imaginary axis). When they reach the lock-in point they coalesce and become conjugates of each other. One eigenvalue moves toward the negative damping semi-plane (positive real part of the eigenvalue), while the other moves to the positive damping semi-plane. The negative effective damping is related to the squeal unstable behaviour. In [10] Massi and Giannini present the first experimental lock-in plot obtained using the beamon-disc set-up.
Mode lock-in characterization
The squeal tests performed using the beam-on-disc apparatus were designed to search for repeatable squeal conditions by varying the length of the beam, the angle between the disc and the beam, and the normal load. The results show that, in general, squeal occurs near the disc or the beam natural frequencies, when they are close to each other.
Moreover, all squeal conditions measured during the tests involve a cosine mode of the disc, i.e. a mode with an antinode at the contact point, also referred to as a (n,m+) mode. 5 The test performed using the laboratory brake confirmed the lock-in theory on a more complex system. In fact, the squeal frequency can be easily related to the dynamics of the system. Fig. 6 shows the frequency response function of the
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3 Also known as: modal coupling instability or binary flutter instability 4 Numerical parameters used for calculation are in MKS units:
k r ¼ 1000. 5 Due to the asymmetry introduced by the contact, the double modes of the disc split at two different frequencies, becoming the sine (n,mÀ) and the cosine (n,m+) modes, n and m being the numbers of nodal circumferences and nodal diameters, respectively. laboratory brake and the squeal occurrences when small brake pads are used (1 cm 2 contact area). As in the beam-on-disc, squeal involves the cosine modes of the disc, but it can also occur at frequencies corresponding to the beam modes. In the beam on disc and in the laboratory brake, squeal always involves a bending mode of the rotor and never an inplane mode. This is mainly due to the fact that the used rotors in these set-ups are flat discs, missing the hat structure. The hat structure of a commercial brake rotor couples in-plane modes with out-of-plane modes; for this reason the formers may lead to a squealing behaviour. If the laboratory brakes accommodate a commercial rotor, such as in [37] , in-plane modes can indeed participate in squeal.
Moreover, the squeal frequency is always coincident with a natural frequency of the coupled system and not with the frequency of the free rotor (this explains the small discrepancy between squeal frequency and free rotor natural frequency in Fig. 5 ).
The laboratory brake is characterized by a larger coupling between disc and beam dynamics with respect to the beamon-disc. For this reason, it is possible to clearly see that the squeal frequencies correspond to modes of the coupled system and not to the natural frequency of the free rotor (usually 50 Hz below the squeal frequency). 6 The experimental analyses performed on the tribobrake also confirm the lock-in theory; in fact, in the dynamics of the assembled system it is possible to recognize the combined response of the disc and the support. A further analysis on this set-up shows also the influence of the pad on the dynamics on the assembled system [31, 33] . Both the pad and the support present tangential vibration modes along the contact surface. The experiments show that a mode of one subsystem characterized by normal vibration at the contact zone can couple with a mode of the other subsystem characterized by ARTICLE IN PRESS tangential vibration at the contact. This means that an effective ''squeal-free'' design should take into account both the pad and the caliper interaction with the disc.
Moreover, the use of the tribobrake highlights the importance of the in-plane dynamics of either the pad or the support in the squealing mode selection mechanism. Fig. 7 presents a dynamic characterization of the pad when squeal occurs at 3767 Hz; the grey lines are the power spectral density (PSD) of the pad acceleration in the tangential direction for values of the normal load ranging from 45 to 250 N, while the dashed line is the measured FRF of the disc. By lowering the normal load, the first mode of the pad moves to lower frequencies and approaches the (0,4+) mode of the disc. Sequel develops only when the pad natural frequency is close enough to the disc natural frequency ; this is called a ''tuning in'' condition. 7 Fig . 8 shows the disc modes involved in squeal events during experiments, along with the frequency ranges covered by the support and the pad modes when changing the driving parameters.
The modes (0,m+) of the disc that fall in the range of frequencies covered by the support and pad modes may be involved in instability and become unstable when their frequencies lock-in with the corresponding ones of support or pad modes.
The modes of the rotor, such as the (0,5+) mode, that are outside these ranges, do not squeal during experiments.
Rotating squeal
The laboratory brake was also used to investigate high-frequency squeals. When two small brake pads are mounted on the same beam, at a distance d apart a quite different behaviour develops [15, 18] . Fig. 6 . FRF of the coupled system and squeal frequencies (stars). Fig. 7 . Dynamic characterization of the system for squeal coupling. 7 Same results even if less clear are obtained in [13] when analyzing the pad dynamics in the laboratory brake.
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Considering one pair of rotor double modes (e.g. mode (0,5) in Fig. 9 ), it is seen that as the distance between the pads changes, the frequency separation between the two natural frequencies oscillates.
If one introduces the ratio r between d and the circumferential wavelength of the mode shape l; r ¼ d/l, it is possible to see that the frequency separation is maximum when r ¼ 0.5i, i ¼ 0,1,y,n and zero for r ¼ 0.25+0.5i.
The modes involved in the squeal mechanism also depend on the value of r; the summary of results are given in Table 1 . The table is divided into four regions, depending on the value of r. Squeals in zones A and C are characterized by a cosine squealing mode (n,m+), while in regions B and D the sine modes (n,mÀ) become unstable. This reflects a characteristic of the dynamic behaviour of the laboratory brake. In fact, for 0oro0.25 and 0.75oro1.25 the cosine modes are at higher frequencies than the respective sine modes.
Therefore, it is possible to generalize what was found with the beam on disc and the laboratory brake with small pads, by stating that, between the two split double modes of the disc, it is generally the mode at higher frequency that squeals. Moreover, another kind of squeal may develop at the boundaries between these zones. In fact, at the boundaries (r ¼ 0.25, r ¼ 0.75, and r ¼ 1.25), the two split modes coalesce so that both may squeal together, implying that the squeal deformed shape is no longer stationary, but rather the nodal lines rotate during a squeal period as predicted by several research studies (e.g. among the others by Ouyang et al. [38] ) and as found in commercial brakes by Fieldhouse and Newcomb [22, 23] .
The rotating squeal involves the mode (0,6) for r ¼ 0.25, the mode (0,7) for r ¼ 0.25, the mode (0,6) for r ¼ 0.75, the mode (0,8) for r ¼ 0.78, and the mode (0,8) for r ¼ 1.27. Such behaviour has been clearly related to the system dynamics obtained for these values of r.
Absence of stick-slip during squeal instability
Another important finding obtained by using the laboratory brake [13] is the experimental evidence that stick-slip does not develop during squeal instability. These measurements are summarized in Fig. 10 . The results show that the average velocity of the disc, ranging from 242 down to 42 mm/s in seven steps (grey horizontal lines), is always higher than the maximum in-plane vibration velocity of the pad (black line).
The measurements also show that the vibration amplitude is not sensitive to speed variations of the disc beyond a certain value (above 200 mm/s). At lower speeds, below 60 mm/s, squeal disappears. In the range between 60 and 200 mm/s the sound pressure amplitude decreases on decreasing the rotational speed of the disc.
Moreover, the absence of stick-slip behaviour corroborates the mode lock-in theory as a reliable explanation of the squeal instability.
Tribological analysis of the contact surfaces
The tribological analysis developed on the tribobrake by means of scanning electron microscope observations of the contact surfaces allows for a comparative investigation on the characteristics of the third body and surface topography under both silent and squealing conditions [31] . Due to the non-homogeneity of the pad material, only a limited fraction of the pad surface is in contact with the disc. This area of real contact is confined within a number of contact plateaus, where the local contact forces assume large values.
The same pad surface was analyzed after braking without squeal (Fig. 11a ) and braking with squeal (Fig. 11b) . The sliding surface after squeal is distinctly different from that without squeal. The former is characterized by exfoliations of friction material both at macro (covering large portions of the contact surface) and micro (involving the third body layer) scales, and by superficial cracks. The second is characterized by an abrasive wear topography.
In order to understand the role of the third body and the effective depth of the superficial cracks, the pad was cut in a direction normal to the friction surface. Fig. 11c shows an example of the profile of the contact surface. It can be observed that the cracks also propagate to the internal part of the friction pad, in proximity with the contact surface. The exfoliations of friction material are either due to detachment of the third body or, sometimes, to the detachment of a superficial layer of the first body (pad). The same analysis carried out on the friction pad after braking without squeal reveals no cracks in the material, and the third body is attached to the surface of the first body. The analysis of the surface topography highlights the presence of oscillations in the contact forces with consequent internal and superficial cracks of the pad material because of fatigue. In fact, the tangential bending modes of the pad or support have both normal and tangential components to the disc surface, inducing periodic shear and compression stress into the friction material at the squeal frequency.
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Effect of damping on brake squeal instability
The beam-on-disc set-up was also used to characterize the effect of damping on squeal propensity. An extensive presentation of these experiments can be found in [10] .
In order to conduct this study, damping material added along the external circumference of the disc (Fig. 12a) or along the beam (Fig. 12b ) allows us to modify separately the value of the structural damping related to the two substructures, and thus the damping values of the two locking-in modes.
Four cases are studied and presented hereafter:
Case A. Naturally damped system: no damping layer are used. Case B. One damping layer added to the disc. Case C. One damping layer added to the beam. Case D. Two damping layers added to the beam. Case E. One damping layer added to the beam and one damping layer added to the disc. Table 2 shows the modal damping of the disc and the beam modes calculated for different configurations of the set-up. The propensity of the system to squeal is measured through the experimental lock-in plots and the range of the system parameter for which squeal develops is used as the measure of the squeal propensity.
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In order to obtain such lock-in plots the frequency of one of the coalescing modes must be varied in a controlled way; thus, small masses are added to the beam at steps of 3 g and the natural frequencies of the two coalescing modes are measured from the PSD of the acceleration signals of either the beam or the disc (Figs. 13b and c) .
The measure of the unstable range is then presented in terms of intervals of both the added mass and the beam's natural frequency, between the lock-in and the lock-out points.
The first set of tests is performed on the beam-on-disc without the addition of damping materials (case A). The damping coefficient of the second mode of the beam is 2.5%, while the damping of the (0,4) mode of the disc is 0.48%. Fig. 13a shows the behaviour of the system natural frequencies, calculated during the braking phase as a function of the value of the added mass. In this case the mass is ranged between 0 and 33 g to shift the natural frequency of the beam from 2800 to 2370 Hz. When 17 g are attached, the mode of the beam coalesces with the (0,4) mode of the disc, and squeal vibration and noise (over 100 dB) appear. This point is labeled as the lock-in point.
By increasing the attached mass, the squeal occurs at every braking test at the coalescing frequency, which remains almost constant. Once the lock-out point is reached , the mode of the beam shifts to a frequency lower than that of the disc mode and the squeal disappears. The difference of added mass between the lock-in and lock-out points is, in this case, 9.7 g.
The dynamics of the beam is varied by modifying the added mass. An increase of mass corresponds to a decrease of the natural frequencies of the beam. In order to generalize the obtained results, the range of instability can be compared by comparing the values of the natural frequencies of the beam (when not in contact with the disc) at the lock-in and lock-out point. The corresponding unstable frequency range is then 156 Hz.
Seemingly, Figs. 14a-d present the lock-in graphs for the cases B-E. Table 3 lists the obtained results. Table 3 shows the damping distribution, the ratio between the damping values and the frequency range of the beam mode that leads to squeal. From the comparison between case A and case E it can be asserted that a homogeneous increase of the modal damping of the two coalescing modes stabilizes the system by decreasing the unstable frequency range. Comparing the case A with C and D it is evident that an increase of damping of the beam mode increases the difference between the damping of the two coalescing modes (larger damping ratio); the effect is a large increase of the unstable range of the system dynamics, from 150 up to 380 Hz. On the contrary, going from case A to case B, only the disc damping is increased, the damping ratio decreases and, consequently, the unstable range decreases.
In conclusion, the results of the analysis indicate two different, almost opposite, effects due to the addition of damping material: a homogeneous increase of the structural damping of the system leads to a simultaneous increase of the modal damping of the coalescing modes, by lowering the system response and the propensity of the system to generate squeal; a non-homogeneous increase of the system damping, increasing the difference between the damping of the coalescing modes, can lead to an increase of the propensity of the system to squeal, especially if the damping is only added to the most damped mode.
These experimental results confirm the numerical analyses obtained in literature [39] [40] [41] [42] , highlighting the importance of the distribution of the structural damping in a brake apparatus.
Models
Given the simple geometry of the set-ups considered here. It is possible to develop consistent models using modal or FE approaches. These models can be either linear or nonlinear, taking into account contact stick and detachment, or the dependency of the friction coefficient on the relative velocity.
Theoretical models (viz., [6, 38, 43] ) are able to capture the squeal occurrence, but it is generally difficult to reproduce the dynamics of the system that depends on non-perfect boundary conditions. Thus, these models do not permit us to match exactly the experimental natural frequencies (and, therefore, squeal frequencies) and the theoretical ones. However, the correspondence between the unstable modes is usually satisfactory.
Reduced models, obtained through an experimental modal analysis provide good results in detecting the unstable frequencies through a complex eigenvalue analysis, but the implementation of nonlinear effects in these models is difficult and usually avoided. The FE models, after an updating phase, have a good correspondence with the experiments and are suitable for both linear and non-linear analyses. These models, however, are computationally expensive and may exhibit problems when dealing with the damping of different materials.
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Reduced model are used by Tuchinda et al. [6, 7] to predict the squeal instability in the beam on disc and by Giannini and Sestieri [14] for the laboratory brake. The first one used modal parameters derived from a FE description of the rotor, while the second performed an experimental modal analysis of the laboratory brake to obtain the dynamical description of the beams and the disc. In both models the dof were the modal coordinates of the rotor and the beam computed in free conditions (i.e. when they are not in contact with one another). The contact was indeed implemented through non-symmetric terms in the stiffness matrix, leading, in this way, to a linear model that has a homogeneous form.
Allgaier et al. [8] and Allgaier [9] , on the contrary, describe the beam-on-disc set-up by a FE nonlinear model. Nonlinearities are due to the contact law, which depends on both the contact pressure and the relative velocity. For a given Fig. 14 . Plot of the system instability (lock-in graphic) when one (a) and two (b) damping layers are applied to the beam and no damping layers are applied to the disc, (c) one damping layer added to the disc and none on the bream, and (d) one damping layer added to the disc and one added to the beam. normal pressure and a given rotational velocity of the rotor, the model can be linearized and the stability of the linearized model is studied. Given their linearity, the complex eigenvalues analysis can easily detect the stability of these models; the eigenvalues with positive real part are equated to the squealing modes.
The comparison between the unstable eigenvalues and the experimental squealing modes is generally satisfactory. Table 4 presents such a comparison for the laboratory brake [14] , showing how squeal frequency and squealing deformed shape can be easily obtained from such analysis.
However, as noted earlier, the linear models cannot predict the severity of the squeal events and may lead to an overestimation on the number of instabilities.
It is important to notice that the results from these models corroborate the experimental findings:
The experimental correspondence of squeal frequency and squealing deformed shaped of unstable mode can be considered a further proof of the lock-in as the cause of the squeal event.
Numerical instabilities always occur when one mode (of the beam or the pad) that has a consistent in-plane deformation becomes close to a mode (of the rotor) that has a consistent out-of-plane deformation. This fact corroborates the necessary role played by the in-plane dynamics of the pad in the instability mechanism.
Based on these results, Massi et al. [32] developed a novel numerical approach based on two different parallel analyses 8 for the tribobrake: a linear FE model to predict the squeal conditions as a function of the main parameters; a non-linear FE model, that is able to reproduce the contact nonlinearities to obtain the time history of the brake system during squeal.
The former is preferable to conduct a parametric analysis at a low computing cost. The second is necessary to reproduce and analyze the contact surface behaviour under nonlinear conditions once squeal is developed. 8 A similar approach is also used by Bakar and Ouyang for commercial brake FE models [45] . s is used to investigate the dynamics of the system and to calculate its complex eigenvalues in function of the driving parameters. The contact elements are implemented in the FEM code using the MATRIX27 element, which produces an element stiffness matrix characterized by two nodes that can be non-symmetric. The complex eigenvalue analysis provides the tool to trace the regions of the parameter space that lead to instability, by predicting several unstable eigenvalues [32] . The values of the parameters that lead to instability are then introduced in the nonlinear model to reproduce the same instability.
The explicit dynamic three-dimensional FE code Plast3 [44] is used to simulate the nonlinear behaviour of the system in the time domain. This software uses a forward incremental Lagrange multiplier method, enabling the evaluation of the normal and tangential contact stresses in the contact region, as well as the determination of whether the contact surfaces stick, slide, or separate locally.
Figs. 16 a and b show an unstable state leading to a limit cycle, with strong vibration of the system. After the contact forces reach the threshold value (100 N), a strong oscillation with exponential growth starts and develops until it reaches the limit cycle. The oscillations of both the contact force and the acceleration are harmonic, with the main harmonic coincident with the unstable frequency predicted by the linear model. Moreover, the exponential growth leading to a limit cycle agrees with the squeal behaviour observed during the experiments [31] . Thus, by introducing just the nonlinearities due to the contact, the characteristic trend of the squeal vibrations is well simulated. Fig. 17 shows the local contact forces at five different time steps during the braking simulation. The time steps are chosen to cover one period of vibration. The white area indicates the local detachment between pad and disc surface. The black area corresponds to the maximum of the contact pressure. The last graphic in Fig. 17 shows the pressure distribution at the inner ray corresponding to the five time steps.
The oscillation of the local contact pressure between the leading and trailing edges of the pad is due to the component of the bending deformation of the support along the normal direction. This local oscillation represents a reliable ''feedback mechanism'' dependent neither on the velocity nor on the friction coefficient, and directly related to the deformed shapes of the unstable modes predicted by the eigenvalue extraction.
Summary of the main results
The beam-on-disc rig provides a wide range of repeatable sets of data correlating the dynamic characteristics of the setup with the squeal occurrence and a good experimental basis for the lock-in theory. Some mode lock-in characteristics are found and such characteristics can be reproduced by either linear or non-linear models. These characteristics are:
The contact between the beam and the disc causes splitting of modes into two different frequencies. Lock-in tends to occur near the frequencies of the split cosine mode (the higher frequency one)
The mode lock-in response occurs easily when the natural frequencies of the disc and the beam are close to one another.
The occurrence rate of lock-in depends on how close the subsystem frequencies are.
Both the theoretical and numerical models are suitable to predict the squeal frequencies, provided that one has a good updated model;
The main result obtained using the laboratory brake is the possibility of developing a simple model able to predict all, and only, the squeal frequencies that occur during the experiments. Yet the experimental set-up is much more complex and resembles a real brake more than the beam-on-disc set-up. The onset of instability and several other aspects of the squeal vibrations can be obtained from a linear model of the brake. Therefore, it is possible to state that the non-linear aspects related to the contact between disc and pad, e.g. nonconstant friction coefficient, stick-slip or detachments, material nonlinearities, etc., do not cause squeal occurrence. On the contrary, the nonlinear aspects are probably the mechanisms that can stabilize the squeal vibrations on a limit cycle.
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The design of the tribobrake, together with the dynamic and tribological analysis, permitted us to observe the following characteristics of the squeal instability:
The lock-in condition between a pair of tangential and normal modes of the subsystems is the necessary condition for squeal.
Squeal starts and can be predicted under linear conditions. However, in order to predict the squeal amplitude, a nonlinear model that considers local detachments must be used.
The numerical analysis relates the oscillation of the local contact forces with the actual deformation of the system (modal coupling);
The experimental data confirm the results of the simulations of the nonlinear FEM and allow us to give an interpretation of the fatigue damages revealed by the characteristic topography of the contact surfaces after squeal. Moreover the experiments point out a further problem concerning the life time of the pads related to the squeal vibrations.
Conclusion
Brake noise continues to be a long-standing problem for consumers and manufacturers alike. Notwithstanding the broad interest and attention devoted to the problem for many years, only recently some understanding of the different types of brake noise has become available, particularly squeal at low and high frequencies, which is generally considered ARTICLE IN PRESS the most critical. Also, the different mechanisms of squeal emission are now generally accepted and the theory of mode lock-in has become more accepted in the technical community. In the authors' opinion these advances should be mostly ascribed to the increasing use of simplified test rigs that, since the 1990s have been extensively used to understand the causes of the squeal phenomenon. These simplified laboratory brakes permitted production of repeatable squeal conditions and, consequently the construction of appropriate models that explain why and when a brake squeals. In parallel considerable effort was made using complex FE models applied to the laboratory brakes which verified at least qualitatively, the results of the simplified models.
In this paper, three simplified test rigs are considered: the beam on disc, the laboratory brake, and the tribobrake COLRIS. All the numerical and experimental results related to these test rigs agree and can be linked together to highlight that squeal is a dynamic instability driven by three factors:
1. The friction force that induces asymmetry in the stiffness matrix. This is a characteristic exhibited by any friction law because friction couples together normal and tangential forces. 2. The lock-in between two modes that are close in frequency and characterized by a phase difference [13, 33] close to 901.
The two modes must have (usually the disc) a large out-of-plane displacement in the contact point, the other (the beam in beam on disc, the pad in the laboratory brake, or either of them in the tribobrake) a large modal displacement in the tangential direction. The resonance of the latter is essential since it induces 901 phase shift between the friction force and the displacement of the pad. Moreover, the increase of damping of the coalescing modes may increase the frequency range for which such a 901 phase shift occurs, leading to a wider unstable range. 3. The feedback force couples the in-plane vibration of the pad with the bending modes of the disc and the beams. This force is in phase with the displacement of the pad; thus, it has a 901 phase difference with respect to the out-of-plane displacement of the disc or the beams. The feedback force can be caused by the misalignment angle of the beam (beam on disc and laboratory brake) as well as a specific mode of the pad or of the support in the tribobrake.
To conclude, a squeal-free design of a brake system should consider not only the out-of plane dynamics but also the inplane dynamics, especially of the pad; moreover, the role of damping must be thoroughly considered because experimental evidence shows that by neglecting damping one may underestimate the squeal propensity of the brake system. Finally, Stick-slip, detachment between disc and pad, and other nonlinear characteristic of the brake do not affect squeal propensity of the brake but play a relevant role on the amplitude of the squeal limit cycle and therefore on the amplitude of the radiated sound.
